nonlinear observer-based output-feedback control laws are obtained to yield that the tracking error globally exponentially converges to zero at any preassigned rate (see Theorems 1 and 2). More importantly, we demonstrate the value of linear feedback strategy in showing that the obtained linear state-feedback controller is inherently robust to measurement errors (see Proposition 1). When some system parameters are not exactly known, it has been shown that advanced nonlinear design schemes [11], [12] can be applied to design nonlinear adaptive controllers solving the global tracking problem for a very general form of the forced Duffing equation (see Theorem 3). Numerical results illustrate the efficiency of our proposed control methodologies. Lett., vol. 64, pp. 1196Lett., vol. 64, pp. -1199Lett., vol. 64, pp. , 1990 L. M. Pecora and T. L. Carroll, "Synchronization in chaotic systems,"
I. INTRODUCTION
Today, it is well known that most conventional control methods and many special techniques can be used for chaos control [1] , for which no matter the purpose is to reduce "bad" chaos or to introduce "good" chaos, numerous control methodologies have been proposed, developed, tested and applied. Similar to conventional systems control, the concept of "controlling chaos" is first to mean ordering or suppressing chaos in the sense of stabilizing chaotic system responses. In this pursuit, numerical and experimental simulations have convincingly demonstrated that chaotic systems respond well to these control strategies. These methods of ordering chaos include the now-familiar OGY method [2] , [3] , feedback controls [4] , [5] and fuzzy control [6] - [8] , [26] , etc., to list just a few.
However, controlling chaos has also encompassed many nontraditional tasks, particularly those of enhancing or generating chaos when it is beneficial. The process of chaos control is now understood as a transition between chaos and order and sometimes from order to chaos, depending on the application of interest. The task of purposely creating chaos, sometimes called chaotification or anticontrol of chaos, has attracted increasing attention in recent years due to its great potential in nontraditional applications such as those found within the context of physical, chemical, mechanical, electrical, optical and particularly biological and medical systems [9] - [11] . Recently, there have been some successful reports on anticontrolling chaos [10] - [12] . Although these reports are essentially experimental or semi-analytical, in the sense that no explicit and quantitative computational formulas are provided with rigorous mathematical justification, they are nevertheless interesting and promising. Two simple yet mathematically rigorous control methods from the engineering feedback control approach were developed [13] - [15] , where a positive state-feedback controller with a uniformly bounded control-gain sequence can be designed to make all Lyapunov exponents of the controlled system strictly positive, or arbitrarily assigned (with any positive, zero and negative arrangements). Moreover, such a controller can be designed for an arbitrarily given, n-dimensional dynamical system that could be originally nonchaotic or even asymptotically stable. The design criterion is to use the definition of chaos given by Devaney [16] or Li-Yorke [17] , where for the n-dimensional case the Marotto theorem [18] was used for a proof. For the continuous-time case, a general approach to make an arbitrarily given autonomous system chaotic has also been proposed [19] . Here, the main tool to use is time-delay feedback perturbation on a system parameter or as an exogenous time-delay feedback input [20] . The possible interactions between fuzzy logic and chaos theory have been explored since the 1990s. The explorations have been carried mainly on fuzzy modeling of chaotic systems using the Takagi-Sugeno (TS) model [6] - [8] , [21] - [23] , linguistic descriptions [24] , [25] and fuzzy control of chaos via an LMI-based fuzzy control system design [7] , [8] . In these investigations, to design a fuzzy controller chaotic systems are represented by TS fuzzy models and then the LMI-based design problems are defined and employed to find feedback gains of the fuzzy controllers that can satisfy some specifications such as stability, decay rate and constraints on the control input and output of the overall fuzzy control systems.
In this brief, the problem of anticontrolling chaos in TS fuzzy systems is studied. The goal is to make nonchaotic or even stable TS fuzzy systems chaotic. The concept of PDC is utilized to design a fuzzy controller which can make all the Lyapunov exponents strictly positive, for any given n-dimensional discrete-time TS fuzzy system that could be originally nonchaotic or even asymptotically stable. Actually, these Lyapunov exponents can also be rearranged by the PDC in such a way that one has any desired (positive, zero and/or negative) Lyapunov exponents in an arbitrary order.
The paper is organized as follows.Section II reviews the TS fuzzy model and the Marotto theorem and presents the definition of chaotic TS fuzzy systems. In Section III, the PDC is employed to design an anticontrol algorithm that can make the Lyapunov exponents of the controlled fuzzy system strictly positive and the resulting controlled system, subject to the mod-operations, is then proven to be chaotic in the sense of Li and Yorke. Section IV provides a simulation example for illustration. Concluding remarks are finally given in Section V.
II. CHAOTIC TS FUZZY MODEL

A. The TS Fuzzy Model
The TS fuzzy model [7] , [8] , [23] is captured by a set of fuzzy implications, which characterize local relations of the system in the state space. The main feature of a TS model is to express the local dynamics of each fuzzy implication (rule) by a linear state-space system model. The overall fuzzy system is then modeled by fuzzy "blending" of these local linear system models.
Specifically, a general TS fuzzy system is described as follows:
where is, the largest singular value of the matrix. Now, given a pair of (x(k); u(k)), the final output of the fuzzy system is inferred as follows:
where
is rewritten as
. . . ; r (4) in which h i (k) can be regarded as the normalized weight of the IF-THEN rules.
B. Chaos in the Sense of Li-Yorke: The Marotto Theorem
Consider a general n-dimensional discrete-time autonomous system of the form x(k + 1) = g(x(k)); (5) where g is a C 1 nonlinear map. Let g t denote the t times of compositions of g with itself. A point, x 3 , is said to be a p-periodic point of
is called a fixed point. Let g 0 (x) and det(g 0 (x)) be the Jacobian of g at the point x and its determinant, respectively and let B(x; r) denote a closed ball in R n of radius r centered at the point x.
Definition 1 [18] : A fixed point x 3 of (5) is said to be a snap-back repeller if 1) There exists a real number r > 0 such that g is differentiable with all eigenvalues of g 0 (x) exceeding the unity in absolute value for all x 2 B(x 3 ; r). Theorem 1 [18] : If system (5) has a snap-back repeller then the system is chaotic in the sense of Li and Yorke:
1) There exists a positive integer n such that for every integer p n, system (5) has p-periodic points.
2) There exists a scrambled set (an uncountable invariant set S containing no periodic points) such that a) g(S) S. b) For every y 2 S and any periodic point x of (5) 
III. ANTICONTROL OF CHAOS VIA PDC
A. PDC
Parallel-distributed compensation (PDC) is employed here to determine a structure of a fuzzy controller from a given TS fuzzy model. Each control rule is constructed from the corresponding rule of the TS fuzzy model in the PDC. The designed fuzzy controller shares the same fuzzy sets with the fuzzy model in the premise parts. The PDC provides the following fuzzy control rule structure from the fuzzy model (1) .
Control Rule i:
Then u(k) = 0Fix(k); i = 1; 2; . . . ; r:
The fuzzy control rules have linear state feedback laws in the consequent parts. The overall fuzzy controller is represented by
To be practical, the control-gain matrices fF i g r i=1 should be uniformly bounded sup 1ir kFik M < 1 (8) for some constant M .
By substituting (7) into (3), we obtain
System (9) can be also written as
where Gij = Ai 0 BiFj for all i, j = 1; . . . ; r.
B. Anticontroller Design
We choose B i = B, j = 1; 2; . . . ; r, so that (10) can be rewritten as
Theorem 2 [8] : The TS fuzzy system (3) It is well known that the jth Lyapunov exponent of the orbit fx k g 1 k=0 of the controlled system (13), starting from the given X 0 , is defined by
where j (G k ) is the jth singular value of matrix G k .
In the controlled system (13), we want to design the constant matrices fFig r i=1 , given in (6), such that the Lyapunov exponents of the controlled system orbit fx x x k g 1 k=0 can be arbitrarily assigned:
j (x0) = j; j = 1; 2; . . . ; n (15) where fjg n j=1 are arbitrarily chosen by the user, which may be positive, zero, or negative (but all finite).
A convenient choice is, simply G = diag fe ; e ; . . . ; e g : It is clear that the eigenvalues of G are all larger than 1 if j > 0; j = 1; 2; . . . ; n.
Matrices Fi, i = 1; 2; . . . ; r, can then be obtained and they are uniformly bounded. Proof: The controlled system (13) is
We now prove that the fixed point x 3 = 0 of (13) Let r be a given constant satisfying kx 0 k 1 r 1. For any x 2 Br fx 2 R n j kxk1 rg, it is also clear that all the eignevalues of G exceed the unity. Therefore, the fixed point x 3 = 0 of (13) is a snap-back repeller. By the Marotto theorem, the controlled system (11)- (13) is chaotic in the sense of Li and Yorke.
IV. A SIMULATION EXAMPLE
Consider a nonchaotic discrete-time TS fuzzy model given as follows: 
Without control (i.e., u 0), the system is stable as shown in Fig. 1 .
Using two desired Lyapunov exponents, 1 = ln(1:9) = 0:641 853 9 phase plane after some mod-2 operations (they are obviously equivalent to mod-1 operations for anticontrol), which has the above-indicated Lyapunov exponents 1 = 1 and 2 = 21 .
V. CONCLUSIONS
A simple, yet mathematically precise and rigorous PDC control design procedure has been derived in this paper, which can rearrange all the Lyapunov exponents of the controlled system according to the user's desire, namely, to make them positive, zero and/or negative in an arbitrary order, for any given n-dimensional discrete-time TS fuzzy system that could be originally nonchaotic or even asymptotically stable.
As is known, many chaotic systems, such as Lorenz and Henon systems, can be represented by TS fuzzy models. Therefore, they can be controlled by using LMI-based fuzzy control system design. Using this proposed PDC control design approach, one can make nonchaotic or even asymptotically stable TS fuzzy systems chaotic, which provides a means to further explore the interaction between fuzzy control and chaos theory, which has great potential in future engineering applications of chaos. To our knowledge, there does not seem to be much research done on generating chaos via fuzzy control systems prior to this work.
